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ABSTRACT: In this paper, we study a new class of functions defined by Wright generalized hypergeometric
function. Characterization property, the result on modified Hadamard product and integral transform are
obtained. Distortion theorem and radii of starlikeness and convexity are also obtained.
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l. INTRODUCTION
Let 4 denote the class of functions of the form

f(2) =Z+Zanzn, (a, =0) 1.1
n=2

which are analytic and univalent in the unit disk U = {z:z € Cand |z| < 1}.
A function f € A is said to be in the class of uniformly convex functions of order y, denoted by
Ucv(y)(cf.[5]) if

#'@ _ ?'@ _
Re{f,(z) +1-v} 27 T 1], (1.2)
and is said to be in a corresponding subclass of UCV (y) denoted by S, (y) if
2f'@) _ 2f'@)
Re{ e v} =n o 1], (1.3)

where—1 <y <1landz€U.

The class of uniformly convex and uniformly starlike function has been studied by Goodman ([1],[2]) and Ma
and Minda [11].
If f(2) of the form (1.1) in class A and function g(z) € A defined as

g(z)=z+ Z b,z", (1.4)
then the Hadamard prgdzuzct 01; f(2) and g(2) is given by

fxg)2)=z+ Z a,b,z" . (1.5)
Let T denote the subclasg of ;llzéonsisting of functions of the form (cf. [7])

fz2)=z- Z a,z", (a, = 0). (1.6)

n=2
A function 1, [(ajA}-)1 ¥ (ﬁjb’}-)ls;z] is studied by R.K. Raina [9] as

¥ [(44), i (88), ;7| = Dz [(@4), (58] (L.7)

where

= : ,(q,s € Ny) (1.8)
I )
j=1

and 1, [(a]-A}-)Lq; (B, B]-)LS; z] is the Wright generalized hypergeometric function introduced by Wright [3] as
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q
I rg+ame

0 J=l
el@4), (5, = = . Gew) a9
H I(B;+B;n) (n)!

=1

by making use of the Hadamard product, Raina [9] defined a linear operator E, [(aj A,-)1 o (.Bij)ls] f(z):
T—>Tas

5, |(@4),,: (8B), | f@ = v, |(@4), :(6B), 7|+ f@
=z— ) 0,a,z", (1.10)
where
q
wH [(a; + A —1)
j=1

o, = (1.11)
S

H r(g+B(n=1) (n— 1)

j=1
and @ is defined by equation (1.8).

Definition 1. A function f € A for —1 < y < 1 is said to be in the class T*(y) if and only if

z(ap((ajAj)l'q;(ﬁij)l_s)f(z)> s Z<5P((“1Ai)1,q?(ﬁiBi)l,s>f(Z)> ~1|,z€eU. (1.12)
(EP((ajAj)1,q‘(ﬁjBj)l,s)f(2)> (E” ((“fAf)l.q;(ﬁfB")l,sy(Z))

Definition 2. A function f € A for —1 <y < 1 is said to be in the class UCVT*(y) if and only if

relt +Z(Ep((“jAj)1,q;(ﬁj3j)1,s)f(2)>’ s Z<EP(("‘J'Ai)1,q;(ﬁ1'31')1,s>f(z)>’ lzev. a3

(202, 68, )@ - (2@, 658, o)

1. CHARACTERIZATION PROPERTY
Theorem 2.1. A function f(z) defined by (1.6) is in the class T*(y) if and only if

Z(Zn—l—y)anan <l—-y,(-1<y<1). 2.1
n=2
The result is sharp for the function

f@) =z 1-v) N

(Zn—l—)’)ffnz '
S

q
H r(ﬁ,)n I'(a; + A (n—1))
J:

=

where ¢, =
g

S
H r(a,-)H r(+B(n—1) (n—1)!
j=1 j=1
Proof. It is sufficient to show that
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felomom ) | (e, om.0) )
(= (e, (ﬁ,B,LS )r@) | (= (@), (ﬂf DRIC
Z <: (o4),15),) f@) N jrz(a (a.A]-)Lq;(ﬂij)Ls)f(z))’_11Sl_y
(E (44), ;5 1) f(Z)> t(EP (%Af)l,q;(ﬂij)Ls)f(Z)) J

we have

(5 ((aA) (31%)1.s)f(2)>’

z (Ep (g4, ,:(58),,)f (Z)) - 11

(EP ((54),,:(68),,)7 (Z)) J
Z(E,, (), (65),,)1 (Z)), _ 1|
(= (@@4),,:48),,) )

(
-1 —Re{
|
\

o0
1- Z no,a,z" !
n=2
<2 -1
o0
1- Z 0, a,z" 1
n=2
or,
o0
Z (Tl— 1)0-nanzn_1
n=2
<2 <l-y
o0
1- Z 0, a,z"1
n=2

The above inequality must hold for all z in U. Letting z - 1~ , we have

20, (n-oa,
=2

<— <1-y).

o
- Z 0,0y

n=2

Therefore,

Y @n—1-y)s,a, <1 -7
n=2

Conversely, if f € T*(y) and z is real then (2.1) gives
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o0 o0
1- Z no,a,z" ! Z (n—1)o,a,z" 1
n=2 n=2
—r= )
o0 o0
1- Z 0,a,z"1 1- Z 0,a,z"1
n=2 n=2

by letting z — 1~ along the real axis, we get

n=2

0 0
1- Z no,a, Z (n—1o,a,
n=2 n=2
— Z 'y'
0 0
1- Z 0,ay 1- Z 0,a,
n=2

1 —Z(Zn -1Do,a,=0-y) <1 —i 0nan>,
n=2

n=2
which yields the required result, where o, is given by (1.11).

Corollary 2.1. Let the function f (z) defined by (1.6) be in the class T*(y), then
1-v)
<< >2
n = (2n — 1—y)an'n_ ’
where
§ q
H r(ﬁj)H I'(a; + A (n—1))
j=1 j=1
o, = , n=2.
g S

[1 @)1 r(g+8m-1) -1

= i

1. Growth and Distortion theorems
Theorem I1.1. Let the function f(z) defined by (1.6) be in the class T*(y), then

Izl = (52) 121% < (Ep [(@4), :(58),,] f(z)> <lzd+(GE)1P @Y
and
1-2(2) i < ((3,[@a), ;(68), ) [ 1+2(2)ul. 62
Equality holds for the function
3 1—y\z2
S g
H r(g;) T(aj+4;)
j=1 j=1
where o, = , n=2. (3.3)

q

S
H r(aj)lj:! I(B;+B;)

=

Proof. Let f(z) € T*(y). By using(1.10), we get
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=, [(%Aj)l_q;(ﬁjﬁ})l_s]f(z)| <zl + ZJ“ ozl
by using (2.1) ie. n=2

1-y 1—)/)
< = >2
Z In (2n—1—y> (3—)/ =

n=2
o0
<|z| + |lezan0n'

then, we obtain
n=2

(= @), 8, 1)

|(: |(a4)),,, (/3,-1%)1_5]f(z)> <zl {1+ (52) 121}, (34)
and (: (a4),,, (/%-B,-)l_s]f(z)> > |zl {1 - (52) I=1}. (35)
Similarly (Ep (4, 558, ] f(z))y >1-2(52) 2, (3.6)
And (Ep (4, . (55),,] f(z))y <1+2(52)lal. (3.7)

By using (3.4) and (3.5), we obtain

1 —
2l = (5= ;) 12? < (Ep (@ 4), (ﬁij)Ls]f(z)>
and by using (3.6) and (3.7), we get ’
1-2(32) el < (: [(e54), (M)m:z]f@)
The bounds (3.1) and (3.2) are attained for functions f(z) given by
f2) = (1-v) a-n .,
R

where g, is given by (3.3).
Theorem I11.2 Let the function f(z) defined by (1.6) and

<II+<1
S | Z 3

_V) 1212,
-V

< 1+2(g) |z].

9(2) —Z—Zb z" (3.8)
be in the class T*(y). Then the function h(z) deflned by
h@) = (1= Df@) +Ag() = 2 - Z 0.7, (3.9)

where g, =(1—Va,+1b, ,(0<A1<1)is also in class T*(y)
Proof. By using (2.1) for f(z) and g(z), we have

Z(Zn —1-y)o,a, <(1—-vy) (3.10)
And "
Z(Zn—l—y)a b, < (1 —y). 3.11)

On using (3 10) and (3.11) in (3.9), we get

h(z)=(1—/1)<z—2anz >+/1<Z— ibnz’l),
2

n=2

=z— ) [Q1—-2Da, +1ib,]z"
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then

@2n—-1-y)o,[A—-NDa, +b,]= ) Cn—1—-y)A - Vo,a,+1 ) 2n—1—-y)o,b,,

sA@-HA-+a0-y),

<-yp).
So h(z) isalso in the class T*(y).

v CLOSURE THEOREM
Theorem 4.1. Let the functions

o0

i@ =z- Z A 2", (=12, . m) (4.1)
n=2
be in the classes T*(yj) G=12,...... m) respectively. Then the function h(z) defined by

h(z) =z— %i (i an_j)zn 4.2)
n=2 \j=1

is in the class T*(y), where

y = minlsjgn{yj}, with0 <y; <1 (4.3)
Proof. Since f; € T*(¥;) , j = 1,2, vee e . m). By using (2.1) in (4.2), we get
Zan(Zn—l—y) EZ a =EZ Z(Zn—l—y)o’n a,
n=2 j=1 j=1 \n=2
1 m
< EZ(l - yj) < 1 — y[by using (4.3)].
j=1

Hence h € T*(y) so the proof is completed.

\ Results involving modified Hadamard product
Let f(z) and g(z) defined by (1.6) and (3.8) respectively. Then

Fe)@)=2-) a,b,z"

n=2
be the modified Hadamard product of function f(z) and g(z).
Theorem 5.1. For functions

]j-(z) =z— Z a, ; Z”,(an‘j >0;zeU;(j = 1,2)),
n=2
let fi(2) € T*(y) and f,(2) € T*(m). Then (f; = f,)(2) € T*(§),

2(1-y)(1-B)
B-r)B-B)az—(1-y)(1-B)

where £ =1— (5.1)

S

q
H r(ﬁj)q I'(a; + 4)
i-

j
and g, = . (5.2)

q S
[1 r(a,-)ljl r(g+3)

o
The result is best possible for the functions

-, __1r 2
fi=z Gon 2 (5.3)
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_ 1= 2
L=z Goas 2 (5.4)
Proof . By using (2.1), it is sufficient to prove that
c2n—1-¢
Z 1—_50,1 (am an_z) <1, (5.5)
n=2
where & is defined by (5.1) under the hypothesis, it follows from (2.1)
S 2n—1- 14
Z—anan1 <1 (5.6)
n=2 1- 14 '
and
c2n—1-— n
2—1 — s, <1. (5.7)
n=2 n

By using Cauchy-Schwarz inequality

© 1 1

2n—1—y)22n—1-n) /2
Z = (1y )— y)((ln - s o (Onatna) S 1 G
n=2

thus, to find largest & such that

—2n—1-¢ 1-p'e@n-1-n'l

Z—aa 1Qy 2 i(Zn—
1-¢ w12 = e va-pa-mn

n=2

@n-1-y)"/2 Gn-1-n"/2 (1-¢)
J(annay,) s E=2Bn D= 00 forn > 2 (5.9

then (5.8) reduces to,

Op (an,lan,z) < 1!

Ja-na-n) for n>2 (5.10)

Ay Qnz) < '
( n,1 n,Z) (Zn_l_y)l/z (Zn—l—T])l/Z an

it is sufficient to find the largest ¢ such that

Ja-pa-n _@n-1-phen-1-wha-9
@n-1-p'2@n-1-n'2e,~ JA-DNA-n@En-1-¢& ' B

2n—1—f<(Zn—l—y)(Zn—l—n)an
1-¢& ~ Q-ya-n

§[en-1-y)2n—-1-na, -1 -y)A —-n)]

(5.11)

’

s@n-1-y2n-1-ng, -C2n-2+ DA -y)1A —-n),
<[@n-1-y)C2n-1-n0o, -1 -Y)A-n]-2(-DA -1 -n),

B 2(n— 1)1 - )1 - 1)
=l i pan-1-me,-A-pd—m

where
N

q
H r(ﬁ,)H I'(a; + A, (n— 1))
J:

=
o, = forn = 2.

F(a H r(g+B(n—-1)) (n— 1!
j=l

o, is decreasing function of n(n = 2), we get
WWw.ijesi.org 75|Page




INTEGRAL TRANSFORM OF CERTAIN SUBCLASSES OF UNIVALENT

S

H F(/%)H T(a; +4)

j=l
0<o0,<0,=
q
r(a>H r(5+5)
J—l
- 2(1—y)(1—77)

B-NB-mMa-1A-NA-n)

where g, is given by (5.2).This completes the proof of Theorem.
Theorem V.2. Let the functions

i@ =z- Z a, Z”,(an_j >0; (J= 1,2))

n=2

be in the class T*(y). Then (f; * f;)(2) € T*(p), where

2(1 —y)?
B=7)?o,— (1 —y)?
and o, is given by (5.2).
Proof. if we set y = n inthe above Theorem, the results follows.
Theorem V.3. Let the function f(z) defined by (1.6) be in the class T*(y)
and also let

p=1-

gz) =z— Z b,z" ,for|b,| <1. (5.12)

Then (f * g)(2) € T*(¥).
Proof. By usmg (2.1), we get

ZO’ @rn—-1-p)a,b |—ZJ @nrn-1-p)a,ls,l

< Z g,2n—-1-yp)a,,
=2

<@-y)
where o, is given by (5.2). Hence it follows that (/" * g)(z) € 7" ()
Theorem 5.4. Let the functions

0

f/-(z)zz—z @, 2", (/ =12) (5.13)
be in the classﬂ;*z(;/). Then the function / (=) defined by
h(z) =2z _Z(dgl.l-l_ a%,)z" (5.14)
is in the class 77 (A), whﬂezrz
A=1——tar® (5.15)

B-1)2o-2(-y)?
and o, is given by (5.2).
Proof. By using theorem 2.1, it is sufficient to prove that

Z s, (2”(1__1 5 A) @2 +ady) <1, (5.16)

where /, e 7’ (r,) (/ =12). Then

c 2n—=1—y
Se (s
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o 2
Z [a,, M] 22, <1, (5.17)

@2n -1~ }/)]2 5
22[ a-» ?

then
27 -1
Z [ (”(1 ]/)7)] (a2, +a%,) <1 (519)

By comparing (5.16) and (5.19), we obtain
27 —1—A 27 —1—p\?
2(F=5) = ()

1-A 11—y

A2n —1-p)o,-20-p)P=Qrn—-1-y)o,—-2Qn -1 -y)

therefore,

Az — DA -y )

A=1— )
@n—-1-p)o,-20-y)?

4(1 - p)?
A=1- ,n =2,
(3—}/)202—2(1—}/)2

which proves the Theorem.

VI. INTEGRAL TRANSFORM OF THE CLASS 7 (p)
Let the function /(=) € 7" (). Then The integral transform

1
= 105 a )

where 7 is a real valued, non negative weight function normalized so that
1
fi(t)d‘ =1 (6.2)
0

Since special cases of 7 (¢) are particularly interesting such as
A)=0A+c)t, ¢ >-1, (6.3)
for which /7, is known as Bernadi operator and

5 5-1
j(z):%t”(log%) ., c>-1620 6.4

this gives the Komatu operator (cf. [12]).
ThoremVI1.1. Let the function /€ 7°(y),then V, (/) € 7" (p).
Proof. By using (6.1) and (6.4), we have

d, 0
wm(ﬁgf(m%awﬁ{ Z@ﬂz>,

n=2
(c +D ()7 C _
— “( J-1 _ 7, n-1 ,
() [fot (log £) (z ;anz t )l
= c+1\? ”
Vj(f)=z—2([+”> a,z”, (6.5)
n=2

WWw.ijesi.org 77|Page



INTEGRAL TRANSFORM OF CERTAIN SUBCLASSES OF UNIVALENT

by (2.1), /€ 7*(y), ifand only if

. |/ H F(ﬁ/)H e, +4,(7-1)
(272—1—}/)| j=
”ZZ a-7) |

\H I(a, )H TS, +8,(n —1)) (n—l)'/

c+1\?
() anse
c+n

—_———

. c+1
since < 1, therefore,
c +n
[ F )
) | H F(ﬁ’,)H Ma, +4,(z-1) |
@n—1-p)| = j=L I
Q=) | i

\H I'(a, )H I, +5, (72—1))(72—1)'/

a, <l
n=2

Proof is completes.
Theorem 6.2. Let the function /€ 7*(»). Then V, (/) is starlike of order ¢ (0 < ¢ < 1) in|z| < #,, where

c+m\°A-)@n—-1-p)o !
n=|(555) .

c+1) T a-oa-» ©9
and o, is given by (1.11).
Proof. It suffices to prove that
AARION ‘ ~
700 1l<1-7¢, (6.7)
= J
_Z (72 +7];) an 7t
n=2
<l-¢,
J
-2, () @
therefore
S c+1 1 o o+ 1\ 1
So-0(E o si-c—a-0Y (S22 g le
n=2 n=2
S . c+n7\° (1-¢)
ﬂzzzﬂﬂ|2| ls(c +l> (n—-¢) 68)
(6.8) is true if
c+n J(l—()(Zﬂ—l—]/)J,z 1
|Z|S{((’+l) TR (S }ﬂ—l,fz > 2, (6.9)

where o, is defined by (1.11).
Proof of the Theorem is completed.
Theorem 6.3. Let the function /7 € 7(»). Then ¥, (/) is convex of order ¢ (0 < ¢ < 1) in|z| < &, where

5 Y

(c +72) QA-9)Rn-1-p) 7-1
c+1 n(n—-7)A-yp) T ’

and o, is defined by (1.11).

Proof. The proof of the Theorem can be obtained as Theorem 6.2.

n

(6.10)
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